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Introduction
The nth cyclotomic polynomial is the monic polynomial whose roots are the primitive nth roots of unity. It is defined by The degree of Φ n (x) is φ(n), where φ is the Euler totient function. We have the factorization
All of the polynomials in this paper will be assumed to have integer coefficients. For a polynomial f ∈ Z[x], we define its height, H( f (x)), to be the maximum absolute value of a coefficient of f . The function A(n) := H(Φ n (x)) has been the subject of several recent papers, for example see [2] [3] [4] 11, 13, 14, 16] . To determine A(n) it suffices to consider squarefree values of n because of the following easily verified proposition.
Proposition 1. Let p be a prime.
If p | n then Φ pn (x) = Φ n (x p ). If p n then Φ pn (x) = Φ n (x p )/Φ n (x).
This proposition implies that if p | n, then A(pn) = A(n). It is also easy to verify that for odd n > 1, Φ 2n (x) = Φ n (−x), so A(2n) = A(n).
In [20] Pomerance and Ryan introduce the function B(n) := max{H(g(x)): g(x) | x n − 1, g ∈ Z[x]}. They prove that B(n) = 1 if and only if n = p n and B(pq) = min{p, q} where p and q are distinct primes. They suggest finding explicit formulas for B(n) for other types of n. It seems likely that many of the results which have been proven for A(n) have natural analogues for B(n). We attempt to develop methods in this paper that can be used to further adapt results about A(n) to this new setting.
In 1968 and 1969 two separate proofs were given that A(n) can be bounded by a function which does not depend on the two largest divisors of n [9, 12] . Lenstra gives a simple proof of this result in [17] . In Section 2 we give an analogue of this theorem showing that B(n) can be bounded by a function which does not depend on the largest prime dividing n. We also give an explicit function satisfying the conditions of this theorem and use it to give the best known general bound for B(n).
In [20] the authors note that numerical evidence suggests that B(p 2 q) = min{p 2 , q}. In Section 3 we give a proof of this. The rest of the paper considers the case when n is the product of three distinct primes, p < q < r. In this setting the function A(pqr) has been studied extensively over the last 40 years, for example in [3] [4] [5] [6] 11, 13, 16, 18] . In Section 4 we prove that B(pqr) p 2 q 2 . Using only elementary properties of cyclotomic polynomials we present a general strategy for proving upper bounds for products of divisors. We also discuss the possible future applications and also the limits of this strategy. Some recent papers have studied cyclotomic polynomials and products of cyclotomic polynomials which have small coefficients. For example, Borwein, Choi and others have recently attempted to classify all products of cyclotomic polynomials so that all of the coefficients of the product have absolute value 1, known as Littlewood cyclotomic polynomials [1, 8, 21] . Moree has studied inverse cyclotomic polynomials Ψ n (x) = (x n −1) Φ n (x) , and considered when they have small coefficients [19] . Other papers have focused on flat cyclotomic polynomials, those for which A(n) = 1 [4, 13, 14] . In Section 5 we prove that B(pqr) 1 3 (3p 2 q − p 3 + 7p − 6) and give an example where equality holds. This bound is closely related to the flat cyclotomic polynomials of order three discussed in the papers cited above. In this section we also discuss further questions for B(pqr).
An upper bound for B(n)
In this section we will give a bound for B(n) that does not depend on the largest prime dividing n.
In [7] Bloom conjectured that for n = p 1 p 2 · · · p t , with p 1 , p 2 , . . . , p t primes, 2 < p 1 < p 2 < · · · < p t and t 2, the coefficients of Φ n (x) are bounded in absolute value by a number depending only on p 1 , p 2 , . . . , p t−2 . Felsch and Schmidt [9] , and Justin [12] , independently proved this conjecture in the following form.
Theorem 1.
There is a function f on the positive integers such that for any distinct primes p and q not dividing m, the coefficients of Φ mpq (x) are less than f (m) in absolute value.
See [17] for simple proof of this. After this theorem was proven, Möller [18] gave an example of a function satisfying the conditions of the theorem. We will give an analogue of the theorem and then give a function which gives an explicit upper bound for B(n).
We first need the following rather obvious result which will be used many times throughout the paper to bound the height of a product of two polynomials. Let T ( f (x)) denote the sum of the absolute values of the coefficients of the polynomial f (x).
Proposition 2.
For any two polynomials f and g,
is i+ j=k a i b j . Therefore the height is at most max{|a i |} deg(g)
). We also see that the sum of absolute values of the coefficients is
Proof. Let m = p e 1 1 p e 2 2 · · · p e r r , with p 1 < p 2 < · · · < p r primes and each e i > 0. Since B(pq) = min{p, q}, if m is prime or m = 1, then B(mq) m. Assume that m 4.
We can write any divisor of x mq − 1 as
where q does not divide any a i or b j , a 1 , . . . , a s are distinct divisors of m and b 1 , . . . , b t are distinct divisors of m. Let γ = lcm(b 1 , b 2 , . . . , b t ). Then we can write g(x) as
We will think of this as the product of four separate factors,
We expand this final factor as a power series, 1
x γ −1 = −(1 + x γ + x 2γ + · · ·), and we see that
are sums of coefficients of u(x)v(x)w(x). By applying Proposition 2 twice we see that H(g) 
, and that this latter polynomial is a divisor of x m − 1 of degree α. So we have T (w(x)) (α + 1)B(m).
We now apply the arithmetic-geometric mean inequality for real numbers, that rs ( r+s 2 ) 2 , with r = γ + 1 − α and s = α + 1 and see that (γ
. We see that
completing the proof. 2
It is not difficult to extend this theorem by induction. Proof. Fix q m. We suppose that this result holds for a fixed n and prove it for n + 1. If we let n = 1 then this statement is identical to Theorem 2. We assume that B(mq k ) < m 4k−1 B(m) 3k for k n and consider B(mq n+1 ). Let g(x) be a divisor of x mq n+1 − 1. We can write g(
where each b j is distinct and q does not divide any of them. So H(v(x)) B(mq). Each nonzero term of v(x) has exponent divisible by q n . The degree of u(x) is at most mq n . If the degree is mq n , then 3 . Assume that the degree of u(x) is at most mq n − 1. For any r 0, there are at most m nonzero terms of v(x) with exponent between r and r + mq n − 1. Therefore,
We can now prove an explicit bound for B(n). Let m = p e 1 1 p e 2 2 · · · p e r r , where p 1 < · · · < p r are distinct primes and each e i > 0. Since B(p n ) = 1 we can assume that r 2.
Proof. If m = p e 1 1 p e 2 2 with e 1 , e 2 1, then from Theorem 3 we have
completing the case r = 2. Suppose the bound holds for B(m) and consider B(mq n ). We must show
We will use that fact that for r 2 we have r j=1 e j r max{e j } r E 3 r−1 E.
This completes the induction. 2
This bound shows that if we fix e 1 , . . . , e r and r − 1 of the r primes dividing m, and let the other prime approach infinity, B(m) remains bounded.
Suppose m is the product of prime powers as in the proof of Theorem 4 and assume r > 1. If we fix all of the primes dividing m and r − 1 of their r exponents, and let the other exponent approach infinity, it would be interesting to determine whether or not B(m) is bounded.
We also point out a potential connection to the main theorem of Pomerance and Ryan in [20] .
Perhaps by refining the methods of this section one could reproduce the upper bound without using the results about the divisor function cited in their paper.
Explicit formula for B(p 2 q)
In [20] Pomerance and Ryan suggest that it would be interesting to compute B(n) explicitly in cases where n has few prime divisors. They prove that B(p n ) = 1 and that B(pq) = min{p, q} where p = q are primes. Finding these explicit formulas quickly becomes difficult. This is perhaps not so surprising given how quickly the complexity of A(n) grows with the number of prime divisors of n.
The polynomial x pq − 1 has 4 factors and 16 divisors. Pomerance and Ryan note that H(Φ p (x)Φ q (x)) = min{p, q} and argue that the other 15 divisors have height at most min{p, q}. They also state in the final section of their paper that numerical evidence suggests that B(p 2 q) = min{p 2 , q} but they do not provide a proof. In this section we will prove that B(p 2 q) = min{p 2 , q}. We develop elementary techniques for bounding the height of divisors which are the products of cyclotomic polynomials with few factors. This will lay the groundwork for the next section when we give an upper bound for B(pqr).
We begin with a few simple results. We will repeatedly use Proposition 1 to simplify our divisors.
For example, it will be useful to note that
In general it is difficult for a polynomial to have large coefficients if there is this type of nice simplification. We will also repeatedly use Proposition 2 to bound the height of a product of two polynomials.
We can also take advantage of the structure of the coefficients of Φ pq (x) =
a k x k . In [15] Lam and Leung give a detailed analysis of these coefficients and prove the following proposition.
Proposition 3. Let p and q be distinct primes and ρ and σ denote the unique positive integers such that
An easy consequence of this proposition is that the nonzero coefficients of this polynomial alternate between 1 and −1. This is also true of
flat. Often this will be all that we need from this proposition, but it is sometimes useful to note that it gives us more information. For example, two coefficients a k , a k with k ≡ k (mod p) cannot have opposite signs, which tells us that H((
There are a few more difficult cases which we consider separately.
Proof. We begin with a simplification using Proposition 1. We have
) has 2q nonzero coefficients, q of which are equal to 1 and the other q equal to −1. However, since (p 2 , q) = 1 no two of the positive coefficients are congruent modulo q. This is also true of the negative coefficients. So
). This proof depends on Proposition 3. Let 0 k p − 1. There do not exist coefficients a n , a m of Φ pq (x) with n ≡ m (mod p) such that a n = 1 and a m = −1. Suppose the coefficients a n with n ≡ k (mod p) are all nonnegative. Proposition 3 implies that there are ρ + 1 positive coefficients in this set. Consider the set of coefficients a l where l ≡ k − 1 (mod p). These a l are all either 0 or −1. There are q − (ρ + 1) negative coefficients in this set. Therefore
A similar argument works if we suppose that all of the a n with n ≡ k (mod p) are nonpositive. 2 Theorem 6. For primes p = q, B(p 2 q) = min{p 2 , q}.
Proof. The polynomial x p 2 q − 1 has 6 factors:
. Therefore it has 64 divisors. Since we know that B(pq) = min{p, q}, we need only consider the 48 divisors of this polynomial which are not divisors of
We will argue that the other 63 divisors have height at most min{p 2 , q}. We will do this by repeatedly applying the propositions we have already proven.
We present the rest of the proof in a chart representing the 48 divisors of x p 2 q − 1 which are not divisors of x pq − 1 (see Table 1 ). In the first entry we write the divisor. In the second we rewrite it in a form that makes it clearer how we apply the propositions. In the third entry of a row we give the resulting upper bound for the height of this divisor. 2
It is clear that the same propositions used in this section will be useful in studying B(p a q b ), however it is not at all clear what the resulting formula should be, even for B(p 2 q 2 ) or B(p 3 q). This approach involves carefully analyzing many divisors and becomes impractical when the number of divisors becomes large.
Upper bound for B(pqr)
In general it is far more difficult to work with B(pqr) than B(p a q b ) because the polynomial Φ pqr (x) is not nearly as well understood as Φ pq (x). Suppose that p < q < r are primes. In this section we will show that B(pqr) p 2 q 2 . The polynomial x pqr − 1 has 8 factors and 256 divisors. We will show that this upper bound holds for each of these divisors. We will use several of the propositions given in the previous section and also a few more. We prove a few lemmas that make it possible to bound the heights of some specific divisors.
We begin with a lemma about T (Φ pq (x) ). 
This result uses a straightforward consequence of Proposition 3 which counts the number of nonzero coefficients of Φ pq (x) which is also proved in [15] .
Proof. Let ρ, σ be the unique positive integers satisfying ρ p + σ q = (p − 1)(q − 1). It is clear from Proposition 3 that the number of positive coefficients of Φ pq (x) is (ρ + 1)(σ + 1). By noting that the nonzero coefficients alternate between 1 and −1 and that the lead coefficient and the constant coefficient are both 1 we see that the number of negative coefficients is (ρ + 1)(σ + 1) − 1. We could also compute this directly. We see that T (Φ pq (x)) = 2(ρ + 1)(σ + 1) − 1.
We can write ρ + 1 = pq+1−(σ +1)q p as a function of σ and define a function
We will show that for any positive integer value of σ , we have 2 f (σ
We see that f defines a parabola with a maximum at σ + 1 = pq+1
.
So f (σ + 1) is less than this value for every positive integer σ . Since 2 f ( p+1
This lemma will be used with Proposition 2 to bound the heights of many divisors of x pqr − 1.
There are only a few divisors which require new arguments. The two most difficult divisors to consider are Φ r (x)Φ pqr (x) and Φ pr (x)Φ qr (x). We need to bound the heights of these divisors independently of r. We will prove that both of these divisors have height at most pq. Our methods of proof will be very similar.
Lemma 2. For primes p
Proof. We can factor
We can write the terms of f (x) as a n x n = c l 1 x l 1 d m 1 x m 1 r + · · · + c l s x l s d m s x m s r where the pairs (l i , m i ) are chosen so that n = l i + m i r and c l i , d m i are nonzero. For any n it is clear that there is a finite and possibly empty set of such (l i , m i ).
Observe that b j = i j, i≡ j (mod pq) a i and for j > deg(g), b j = 0. So for any k, i≡k (mod pq) a i = 0. We will show that |b j | pq by showing that i≡ j (mod pq) |a i | 2pq. We see that
We fix k satisfying 0 k pq − 1. Since (pq, r) = 1, for any m such that 0 m p + q − 2 there exists at most one l such that 0 l 1 + (p − 1)(q − 1) and l + mr ≡ k (mod pq). Therefore
By Proposition 2 and Lemma 1,
There is a closely related divisor which presents some difficulty. We consider it using extremely similar techniques.
Lemma 3. For primes p
We let
As in the previous proof, observe that b j = i j, i≡ j (mod pq) a i and for j > deg(g), b j = 0. So for any k, i≡k (mod pq) a i = 0. We will show that |b j | p by showing that i≡ j (mod pq) |a i | 2p. We fix k satisfying 0 k pq − 1. Since (pq, r) = 1, for any m such that 0 m p + q − 1 there exists at most one l such that 0 l (p − 1)(q − 1) and l + mr ≡ k (mod pq).
Now using Proposition 2 and Lemma 1 we see that
We will now consider Φ r (x)Φ pqr (x). We will use basically the same argument that we used for Φ pr (x)Φ qr (x).
c l x l ,
Observe that b j = i j, i≡ j (mod pq) a i and for j > deg(g), b j = 0. So for any k, i≡k (mod pq) a i = 0. We will show that |b j | pq by showing that i≡ j (mod pq) |a i | 2pq.
We fix k such that 0 k pq − 1. Since (pq, r) = 1, for any l such that 0 l p + q − 2 there exists at most one m such that 0 m 1 + (p − 1)(q − 1) and l + mr ≡ k (mod pq).
This result combined with Proposition 2 implies that
There are 8 divisors of x pqr − 1 with exactly 1 factor. The only factor which does not have height 1 is Φ pqr (x). The height of Φ pqr (x) has been studied extensively, for example in [3] [4] [5] [6] 11, 13, 16] . The best general result is in [3] in which Bachman proves that A(pqr) p − p 4 . We will not need a bound this good for this proof but can use the weaker result A(pqr) p − 1. In [3] Bachman also proves that the sum of the largest positive coefficient and the largest negative coefficient in absolute value is at most p. This implies that for any i 1, H((x i − 1)Φ pqr (x)) p. We will not actually need this result, but it makes bounding the height of certain divisors easier.
There is a closely related result which is useful for bounding the height of certain divisors. We have
A simplification of the arguments in the proofs of the above lemmas shows that H(Φ 1 (x)Φ pqr (x)) 2.
In fact, a stronger result is true, that H(Φ 1 (x)Φ pqr (x)) = 1, but we do not need this and it takes several pages to prove. This result is the subject of a paper of Gallot and Moree [10] . We continue with one more useful lemma.
Therefore H(Φ pr Φ qr Φ pqr ) = 1. 2 Theorem 7. For primes p < q < r, we have B(pqr) p 2 q 2 .
Proof. The number of divisors with exactly k factors is 8 k . The most difficult of these divisors to deal with are the 70 divisors with four factors. There are enough factors that there can be some complicated interaction between coefficients, but not so many divisors that useful cancellation is guaranteed. We have already presented all of the tools necessary to show that this upper bound holds for each of the 256 divisors.
We present the rest of the proof, actually checking that this bound holds, in a chart similar to the one in the previous section. The complete chart would be very large, so we include only the divisors with exactly four factors (see Table 2 ). Checking the other divisors is very similar. 2 Numerical evidence suggests that perhaps this result could be improved to B(pqr) p 2 q 2 2 , but not far beyond this. Finding the best possible upper bound certainly depends on finding the best possible upper bound for A(pqr), a difficult problem which has received considerable attention recently [3, 11, 16] .
Lower bound for B(pqr)
We now prove a lower bound for B(pqr) by giving a lower bound for one particular coefficient of one particular divisor. This argument is a little technical, but gives a very precise result. We also go through some extra difficulty to deal with the case p = 2.
Proof. Let
We know that H( f (x)) max{|a p+q+r−1 |, |a p+q+r−3 |}, and that B(pqr) H( f (x)). We will show that max{|a p+q+r−1 |, |a p+q+r−3 |} 1 3 (3p 2 q − p 3 + 7p − 6). We write
The coefficients of f (x) are sums of coefficients of terms of the numerator of f (x) which have congruent exponents modulo pq. We will use that fact that Φ p (x) = 1 + · · · + x p−1 and Φ q (x) = 1 + · · · + x q−1 to compute coefficients of f (x). Let
We see that h(x) is simply the numerator of f (x). The coefficients of g(x) satisfy b i = b 2(p+q−2)−i . We compute the coefficients of the terms of g(x), b j where j p + q + r − 1 and j ≡ p + q + r − 1 (mod r). 
We do the same for p + q + r − 3. We will show that the sum of these coefficients cannot be too large.
First we compute
We can bound the size of the coefficients b p+q+r−1 , b p+q+r−3 , b p+q−r−1 and b p+q−r−3 . Since r q
. Now we will compute coefficients of h(x). We first note that 3r > p +q +r − 1. For p = 2, the terms of Φ pq (x r )(1 − x r ) of degree less than 3r are 1 − 2x r + 2x 2r . So c p+q+r−1 = 2b p+q−r−1 − 2b p+q−1 + b p+q+r−1 . We have p + q < r + 1 so b p+q−r−1 = b p+q−r−3 = 0, and p + q + r − 3 > 2(p + q − 2) so b p+q+r−3 = b p+q+r−1 = 0. So we have c p+q+r−1 = −2b p+q−1 . Similarly, c p+q+r−3 = −2b p+q−3 = −2b p+q−1 .
For p = 2, the terms of Φ pq (x r )(1 − x r ) of degree less than 3r are 1 − 2x r + x 2r . So
The same statement is true for |c p+q+r−3 |. So |c p+q+r−1 | and |c p+q+r−3 | are at least 1
Next we consider coefficients of the terms of h(x), c j such that j p + q + r − 1 and j ≡ p + q + r − 1 (mod pq). We consider two cases. First suppose p + q + r − 1 < pq. In this case a p+q+r−1 = c p+q+r−1 and we have nothing left to prove. Now suppose that p + q + r − 1 pq. We will show in this case that c p+q+r−1 = c p+q+r−3 = −2b p+q−1 . For p = 2 this was shown earlier. Assume that p 3. We first show that b p+q−r−1 = b p+q−r−3 = 0.
By the assumption on r, we have
For p > 3, we have 2(p + q) 4q − 4 < pq + 2 and so b p+q−r−1 = b p+q−r−3 = 0. For p = 3,
We have a p+q+r−1 = −2b p+q−1 + c i , where the sum is taken over all i < p + q + r − 1 such that i ≡ p + q + r − 1 (mod pq). Since p + q − 1 − pq < 0, the only term of (1 − x r )Φ pq (x r ) with degree at most p + q + r − 1 − pq is 1. So for i < p + q + r − 1 and i ≡ p + q + r − 1 (mod pq), c i = b i . For p = 2, p + q + r − 1 = q + r + 1 is odd, so b i = 0 and i ≡ q + r + 1 (mod 2q) implies i 1. Since b i = 0 for i > 2(p + q − 2) = 2q, there is at most one i satisfying b i = 0, and i ≡ p + q + r − 1 (mod 2q). For p 3, since 2(p + q − 2) < pq we have at most one nonzero b i in the sum.
Let b p+q+r−1−mpq be the coefficient where we choose m 0 such that 0 p + q + r − 1 − mpq pq − 1. Since i ≡ p + q + r − 1 (mod pq), for r not congruent to −1 or −2 modulo pq, b i is maximized by r ≡ 1 (mod pq). In this case,
If r is congruent to −1 or −2 modulo pq, consider a p+q+r−3 . In this case we have
Therefore max{|a p+q+r−1 |, |a p+q+r−3 |} 1 3 (3p 2 q − p 3 + 7p − 6). 2
We note that this lower bound is an equality in some cases. For example, equality holds for p = 3, q = 5 and r = 31. It appears that there are infinitely (p, q, r) such that B(pqr) = 1 3 (3p 2 q − p 3 + 7p − 6).
This would follow from an adaptation of the periodicity results for A(n) which appear in [13] to the function B(n). It seems likely that for p = 3, q = 5, and r = 30k + 1 where k > 0 and r is prime, that B(pqr) = 41, which is our lower bound in this case. We note that for these values A(pqr) = 1 [13] .
In order to find B(pqr) we could compute the heights of all 256 divisors of x pqr − 1. However, this lower bound for H(Φ p (x)Φ q (x)Φ r (x)Φ pqr (x)) implies that we only need to consider divisors f (x) for which we cannot prove that H( f (x)) < 1 3 (3p 2 q − p 3 + 7p − 6). In practice the only two divisors f (x) for which we have examples of (p, q, r) such that B(pqr) = H( f (x)) are Φ p (x)Φ q (x)Φ r (x)Φ pqr (x) and Φ 1 (x)Φ pq (x)Φ pr (x)Φ qr (x). In the vast majority of examples it is the height of the first of these two divisors that is equal to B(pqr). We would like to be able to give conditions on (p, q, r) for which B(pqr) is equal to the height of the first divisor, and conditions for which B(pqr) is equal to the height of the second divisor. It would also be interesting to determine whether any other divisor can have height equal to B(pqr).
We note that the first divisor is the product of all Φ d (x) where d has an odd number of prime factors, and the second divisor is the product over Φ d (x) where d has an even number of prime factors. We believe that for squarefree values of n, both of these divisors will have large height because there is no obvious way to apply Proposition 1 to simplify them. For example the divisor of x pq − 1 of maximum height is Φ p (x)Φ q (x), the product of all Φ d (x) where d has an odd number of factors. It would be interesting to do some computational experiments to see if this appears to hold when n is the product of four or more distinct primes.
See the final section of [20] for a discussion of several other possibilities for further study of B(n).
